Let 5 be a space of functions on K with the following properties:
Introduction
Let S be a space of functions on M. Given h > 0, let ah be the scaling operator; i.e., for any function /on R, crhf:=f(-/h).
We are concerned with approximation from the dilated spaces Sh :-ahS. Given a positive integer k , we say that S provides approximation of order k in Lp (1 < p < oo) if for any function f € W 'p , there exists a constant const (which may depend on /), such that for any h > 0, there is uh G Sh satisfying k dist (/, uh) < const h , where dist(/, uh) = \\f -uh\\ in the ¿''-norm. The largest integer k such that the above estimate holds is said to be the approximation order of S. Our goal is to characterize the approximation order of S.
Schoenberg in his celebrated paper [5] studied what happens when 5" is spanned by a compactly supported function cp and its integer translates cp(-j).
To describe his result, we introduce some notation. Let L denote the discrete convolution operator given by L9f:=zZfU)<P(--J)-
The space of polynomials of degree < k is denoted by nk . An operator Q on nk is said to be degree-reducing if for any p G nk ,
deg(Qp) <deg(p) .
The identity operator is denoted by /. In [5] , Schoenberg proved the following:
If / -L is degree-reducing on nk_x , then S := span{ç?(--j): j G Z} provides approximation of order k .
However, the converse of the above statement is not true. Here is a simple example: Let p be 1 on [0, 1), -1 on [1, 2), and zero elsewhere. Clearly, S provides approximation of order 1 , but / -L is not degree-reducing on 7T0, the space of constants.
In the 1970s, Strang and Fix studied the space spanned by several compactly supported functions and their translates. Aware of the difficulty in characterizing the approximation order, they restricted the manner of approximation by imposing some sort of boundedness on the approximants. Such an approximation is called controlled approximation, after them. In [6] , they attempted to characterize the controlled approximation order. However, their main characterization theorem was shown by Jia [4] to be incorrect. Moreover, de Boor and Jia in [3] proposed to use local approximation instead of controlled approximation and gave a complete characterization for the local approximation order.
Despite these achievements, the problem of characterization of the approximation order remains unsolved. Inspired by a recent paper of de Boor and DeVore [1] , we shall solve this problem here. In [1] , de Boor and DeVore considered the space S of functions on E with the following properties:
(i) S is translation invariant, i.e., f E S implies /(• ± 1) G S ;
(ii) dimano n < oo ; (iii) S is closed under uniform convergence on compact sets.
They showed that \Jh>0Sh is dense in C0(R) if and only if 5 contains a good partition of unity. Their result amounts to saying that 5 provides approximation of order 1 if and only if S contains a compactly supported function <p such that / -L is degree-reducing on n0. We extend their result to the general case; i.e., we shall prove that S provides approximation of order k if and only if 5" contains a compactly supported function (p such that / -L is degree-reducing on nk_x . This is done in §3. We first give a description of the structure of S, in §2. converges on any compact set of K. It's sum is in S, since S is closed under uniform convergence on compact sets. We denote by SXoc the space of all such sums. Then SXoc is a translation invariant subspace of S. It is easily seen from Lemma 2 that S~ is a subspace of Sloc. Furthermore, if / G S vanishes on [r,r + R] for some integer r, then we know from Lemma 1 that / G Sloc. Lemma 3. For any interval Ir:= (r, r + R), with r an arbitrary integer and R as before, the collection Of := {bj-.beB, suppbj n Ir ¿ 0} is linearly independent over Ir.
Suppose that S is a subspace of LP(R) (1 < p < oo). For any / g Lp(R) and a measurable subset E of E, we set li/lU-(/£i/i')"'-Often 11/11 E is abbreviated to ||/||£ if the exponential p is clear from the context. Set, for t" G Z,
The following lemma was also proved by de Boor and DeVore in [1] .
Lemma 4. There is a positive constant const such that for any integer r and any collection {c¡ : (/, j) G Er} the following inequality holds:
, for all (i, j) eEr. [r,r+R] \k,l
Let T denote the translation operator given by Tf = f(--\).
Using an idea from de Boor and Höllig [2] , we give a description for the structure of S in the following. Thus we conclude from (2.1) that (2.2) holds. The proof is complete.
A CHARACTERIZATION OF THE APPROXIMATION ORDER
Let S be a space of functions on R with the above properties (i), (ii), and (iii). Suppose that S is a subspace of LP(R), 1 < p < oo . The notation |¡ • || E is abbreviated to || • ||£ , as it was before. For h > 0, let Th be the translation operator given by TJ = f(--h).
In particular, Tx = T. We define the difference operator VA as follows:
Vh:=I-T,, V:=V,.
By Sh and SXoc we denote oh(S) and trh(SXoc), respectively. ¿i™, E E i-Zr Vi Wñ < a-ß (°) = ° for i e Z \ {0} and a < A:.
Comparing the above two formulas with formulas (4) and (5) Proof. The proof for (1°) => (2°) => (3°) is well known (see, e.g., [5,6, and 3] ). It remains to prove that (3°) implies (1°). For this purpose, we consider the centered 5-spline of order k + 2 :
We write u for Mk+2. Let q be the polynomial given in Theorem 1. This polynomial can be factored as
with p(l) t¿ 0. Without loss of any generality, we assume that p(l)=l.
We claim that there exists a function f e Cc(R) such that 
Since suppu ç [-k -1, k+l], p(Th)u vanishes outside [-k-2, k + 2]. Thus it follows from (3.5) that ¿¿Mi-') i,j ] or equivalently, (3.6) £c,-U)fi('-J) *,) .k-\ = 0 for £ G E \ {0} and 0 < a < k .
Let hn = l/n, n = \, 2, ..., and vn = vh . From (3.8)-(3.11) we conclude that the sequence (vn) satisfies the hypothesis of Lemma 5. Therefore by this lemma we can find a compactly supported function y/ e S such that (//(0) = 1 and Day/(2nj) = 0 for 0 < a < k and jG Z \ {0} . The proof is complete.
